Abstract. Given a a Hopf algebra H, a left coideal subalgebra A ⊂ H and a non-zero multiplicative functional µ ∈ A ′ , we consider the space of left µ-integrals L A µ ⊂ A, where Λ ∈ L A µ if aΛ = µ(a)Λ for all a ∈ A. We observe that dim L A µ = 1 if A is a Frobenius algebra and we conclude this equality for finite dimensional left coideal subalgebras of a weakly finite Hopf algebra.
Introduction
The theory of finite dimensional Hopf algebras is centered around the concept of integrals (c.f. e.g. [3] , [4] , [8] , [9] , [12] ). Integrals for Hopf algebras were first considered by Larson and Sweedler in [3] where they proved their existence and uniqueness in the finite dimensional case. Our main reference to the subject of Hopf algebras and (co)integrals on them will be [5] , and [5, Section 10] especially, where the theory of left integrals assigned to a non-zero multiplicative functional µ ∈ H ′ is fully developed. Defining The dual to µ-integral is the concept of g-cointegral on a Hopf algebra H: given a group-like element g ∈ H we define L 
]).
Let A be a left coideal subalgebra of H, µ ∈ A ′ a non-zero multiplicative functional on A and g ∈ H a group-like element. The concepts of µ-integrals and g-cointegrals still makes sense in this context and hence the notation L ′ will be used throughout the paper. Our study was initiated in [1] , where the case of ε-integrals Λ ∈ L A ε satisfying Λ 2 = Λ and Λa = Λε(a) for all a ∈ A were analyzed thoroughly. They were linked with the theory of right group-like projections in H and it was proved in [1] that dim A < ∞ if A admits a non-zero right group like projection P ∈ L A ε . Moreover the existence of non-zero integrals was proved for semisimple A and the converse result was obtained at least when S 2 (A) = A (see [1, Corollary 3.26] , [1, Theorem 3.27] ). In the present paper we generalize the finite dimensionality result, showing that if dim L A µ > 0 then dim A < ∞, c.f. Theorem 3.7. Moreover we observe that if A is a Frobenius algebra (e.g. when dim H < ∞, c.f. [6, Theorem 6 .1]) then dim L A µ = 1, see Theorem 3.5. The non-degeneracy of Λ is also a matter of our study, where we say that Λ ∈ L A µ is non-degenerate if the map H ′ ∋ µ → Λ * µ ∈ A is onto. We prove this to hold if A is Frobienius, see Proposition 3.12. The question of nondegeneracy of an arbitrary µ-integral is left open. The concepts of integrals and conitegrals on left coideals subalgebras turn out to be linked intimately. In particular we observe that if A ⊂ H admits a non-degenerate µ-integral then dim L g A ∈ {0, 1} and if φ ∈ L g A is non-zero then it is faithful, c.f. Theorem 4.3 and Proposition 2.17. Moreover we prove that (see Theorem 4.6)
• every semisimple left coideal subalgebra of H which is preserved by the antipode squared admits an essentially unique faithful 1-cointegral; • every unimodular finite dimensional left coideal subalgebra A admitting a faithful 1-cointegral is preserved by the antipode squared. Furthermore we get Theorem 4.7 which can be viewed as a certain version of [2, Proposition 1.6]; the latter guaranties, that every right group-like projection in an algebraic quantum group is two sided. Our result shows that every right group-like projection in a weakly finite cosemisimple Hopf algebra must be two sided. More generally we proved that every non-degenerate right group-like projection in a cosemisimple Hopf algebra is two sided, see Remark 4.8.
Using our results and the results of [1] we give a list of all ε-integrals on left coideal subalgebras of Taft algebras H n 2 and describe all g-cointegrals on them, see Section 5.
Preliminaries
All vector spaces considered in this paper are over an arbitrary field if not specified otherwise. The vector space dual of V will be denoted V ′ . If A is an algebra then A ′ is A-bimodule, where for a, b ∈ A and ω ∈ A ′ we define
Let V be a left A-module. We say that an element v ∈ V is cyclic if the map A ∋ a → av ∈ V is surjective. If this map is injective then we say that v is separating. Similarly we define cyclic elements for right A-modules. If V admits a cyclic element then we say that it is a cyclic module. If the corresponding map π : A → End(V) is injective then we sat that V is faithful. A subspace I ⊂ A is said to be a left (right) ideal if ab ∈ I (ba ∈ I respectively) for every a ∈ A and b ∈ I. Given a left ideal I ⊂ A we define its right annihilator
The left annihilator l(I) of a right ideal is define analogously. Note that if I is a left ideal then r(I) is a right ideal and I ⊂ l(r(I)). Similarly I ⊂ r(l(I)) for a right ideal I ⊂ A. For the needs of our paper we introduce the biannihilator condition.
Definition 2.
1. An algebra A is said to satisfy a biannihilator condition if l(r(I)) = I for every left ideal I ⊂ A and r(l(I ′ )) = I ′ for every right ideal I ′ ⊂ A. A finite-dimensional algebra B is quasi-frobenius (or QF) if it is injective as a module over itself.
Let us recall that injectivity of A-module V means that whenever V is a submodule of an arbitrary A module W then it has a complementary submodule in W. It was noted in [1, Proposition 3.33 ] that QF for A implies the biannihilator condition for A. Definition 2.2. Let A be a finite dimensional unital algebra and σ : A×A → a bilinear form on A. We say that (A, σ) is a Frobenius algebra if σ is non-degenerate and satisfies σ(ab, c) = σ(a, bc) for all a, b, c ∈ A.
We shall usually write that A is a Frobenius algebra having in mind that σ entering Definition 2.2 is fixed. Definition 2.3. Let A be a finite dimensional unital algebra. We say that a functional ω ∈ A ′ is faithful if given a ∈ A satisfying ω(ab) = 0 for all b ∈ A we have a = 0.
Let us note that, we can define faithfulness of ω ∈ A by the condition: if ω(ba) = 0 for all b ∈ A then a = 0. Actually both properties are equivalent, see e.g. the paragraph following [ Remark 2.5. Let us comment on the proof of Theorem 2.4 and incidentally fix some notation. Given a non-degenerate bilinear form σ on A, the functional ω σ ∈ A ′ such that ω σ (a) := σ(1, a) is faithful. Conversely, given a faithful functional ω ∈ A, the bilinear form σ ω on A defined by
′ is a surjective map of A-modules, and since dim A = dim A ′ the map is actually bijective. In particular ω is faithful.
For the latter needs let us also observe the following:
Proof. Suppose that ω ∈ A ′ is faithful. Due to the bijectivity of the map A ∋ a → ω · a ∈ A ′ we can find an element x ∈ A such that ω · x = ω. One can check that xa = a for all a ∈ A, i.e. x is a left unit. Similarly we prove that A has a right unit and we are done.
We will consider only those Hopf agebras (H, ∆, S, ε) which have invertible antipode S. Our main reference for Hopf algebras is [5] . We shall often write that H is a Hopf algebra, having in mind that comultiplication ∆, coinverse S and counit ε are fixed.The Sweedler's notation ∆(x) = x (1) ⊗ x (2) will used. A vector subspace V ⊂ H is said to be a left coideal if ∆(V) ⊂ H ⊗ V. A unital subalgebra A ⊂ H which is a left coideal is said to be a left coideal subalgebra. Given µ, ν ∈ H ′ and a ∈ H we define
is a unital algebra. If dim H < ∞ then dualizing multiplication m : H⊗H → H, coinverse S : H → H and the unit η : → H we get (the dual) Hopf algebra (
The next lemma will be used later.
Lemma 2.7. Let H be a Hopf algebra and y ∈ H. If y ∈ H is a non-zero element satisfying
or (1 ⊗ y)∆(y) = ∆(y) then y = 1. In particular if A ⊂ H is a non-zero subalgebra which admits a left or a right unit and satisfies ∆(A) ⊂ H ⊗ A then 1 H ∈ A.
Proof. Without loss of generality we shall assume that (2.2) holds. Consider an operator W :
2) may be phrased as W(y ⊗ y) = W(y ⊗ 1) we get y ⊗ y = y ⊗ 1 and hence y = 1.
If A satisfies the assumptions of the lemma being proven then it has a non-zero element y ∈ A satisfying (2.2) or (1 ⊗ y)∆(y) = ∆(y) and reasoning as in the previous paragraph we get y = 1 H .
The property defined in the next definition will be useful in the context of coideal subalegebras, see Remark 2.9. Definition 2.8. A unital algebra A is said to be weakly finite if xy = 1 =⇒ yx = 1 for every x, y ∈ M n (A) and n ∈ N.
Remark 2.9. Using [6, Theorem 6.1] we see that if H is Hopf algebra which, us an algebra, is weakly finite and A ⊂ H is a finite dimensional left coideal subalgebra then A is Frobenius. Moreover if {0} = V ⊂ A is a left (or right) ideal in A and incidentally it is a left (or right) coideal in H then V = A.
Every element Λ ∈ H gives rise to the smallest left coideal in H containing Λ:
We shall also consider the smallest right coideal Λ V containing Λ:
Remark 2.10. For every Λ ∈ H we have dim V Λ = dim Λ V and it is equal to the rank of the tensor
The elements Λ,Λ ∈ H introduced in the next definition turn out to link nicely with the theory of µ-integrals, see Example 3.3. Definition 2.11. A non-zero element Λ ∈ H is said to be of integral type if
Let Λ be an element of integral type. We say that a non-zero elementΛ ∈ H is of Λ-integral type if ∆(Λ)(1 ⊗Λ) = Λ ⊗Λ. A Λ-integral elementΛ is said to be non-degenerate if 1 ∈ VΛ.
Remark 2.12. LetΛ ∈ H be a non-zero element such that ∆(Λ)(1⊗Λ) = Λ ⊗Λ for some element Λ ∈ H. Then using the techniques of the proof of [1, Lemma 2.2] we can prove that Λ is of integral type.
The related concept of a right group-like projection P ∈ H was recently studied in [1] . Let us recall that given P ∈ H satisfying P 2 = P , P = 0 we say that it is
• a right group-like projection if
• a left group-like projection if
A projection which is incidentally a left and a right group-like projection is called two sided group-like projection. If Λ ∈ H is a projection of integral type as defined in Definition 2.11 then, under certain extra conditions, it is a right group-like projection, c.f. Corollary 3.15.
Remark 2.13. Given an elementΛ of Λ-integral type we define
(2.5)
Let us note that AΛ is a left coideal subalgebra of H containing VΛ. Since W : H ⊗ H ∋ x ⊗ y → ∆(x)(1 ⊗ y) ∈ H ⊗ H is bijective, the map π : AΛ ∋ a → b ∈ H (where a, b ∈ H are related as in (2.5)) is injective and it is easy to see that π(aa ′ ) = π(a)π(a ′ ) and ∆(π(a)) = (id ⊗ π)(∆(a)). In particular π(Λ) = Λ, π(VΛ) = V Λ and π(AΛ) = A Λ , andΛ is non-degenerate if and only if Λ is non-degenerate.
Applying (ε ⊗ id) to the identity ∆(a)(1 ⊗Λ) = π(a) ⊗Λ we get
for every a ∈ AΛ, where µ ∈ A ′ Λ is a multiplicative functional given by µ(a) := ε(π(a)).
Let us note that the equality
Indeed (2.7) holds if and only if
and we conclude the claimed equivalence by noting that (2) and then applying (S ⊗ id) to both sides of (2.8).
The results stated in the next theorem were obtained in [1] for right group-like projections; actually the same techniques works for all elements of Λ-integral type. Note that using the injectivity of π entering Remark 2.13, it suffices to prove the next result for elements of integral type. But for them all arguments provided in the proofs of [1, Proposition 3.23, Proposition 3.24, Corollary 3.25] can be repeated verbatim.
Theorem 2.14. LetΛ ∈ H be an element of Λ-integral type, AΛ the left coideal subalgebra assigned toΛ and π : AΛ → H a homomorphism described in Remark 2.13. Then for every a ∈ AΛ we have
VΛ ⊂ AΛ and it is a left-AΛ ideal which is faithful when viewed as AΛ-left module;
• dim AΛ < ∞;
•ΛV is a right AΛ-module via x · a := S(π(a))x for all a ∈ AΛ and x ∈ΛV;
• the map U : V ′ Λ
→ΛV entering the proof of Remark 2.10 is a right AΛ-module isomorphism;
•Λ is non-degenerate if and only if VΛ = AΛ.
Using Theorem 2.14 and Lemma 2.7 in the first part of the next corollary and Remark 2.9 in the the second part we conclude.
Corollary 2.15. A Λ-integral elementΛ is non-degenerate if and only if VΛ is a right or a left unital algebra and the latter is equivalent with VΛ = AΛ.
Every Λ-integral elementΛ in a weakly finite Hopf algebra is non-degenerate.
Problem 2.16. Is there a Hopf algebra H with a degenerate integral element Λ ∈ H?
Before formulating the next result let us note that VΛ ⊂ AΛ is a subalgebra; in particularΛV can be viewed as VΛ-module (see the second bullet point of Theorem 2.14).
Proposition 2.17. Suppose thatΛ is a Λ-integral element. ThenΛV is a cyclic VΛ-module if and only if 1 H ∈ VΛ and VΛ is a Frobenius algebra.
Proof. Suppose thatΛV is a cyclic VΛ-module. Due to Lemma 2.6 and the fourth bullet point of Theorem 2.14 we see that VΛ is a unital algebra. Using Lemma 2.7 we see 1 H ∈ VΛ. Using Theorem 2.4 we conclude that VΛ is a Frobenius algebra. Conversely, if VΛ is a Frobenius algebra thenΛV is a cyclic due to Theorem 2.4 and the fourth bullet point of Theorem 2.14.
3. Generalized integrals for left coideal subalgebras. 
µ be a non-zero element and AΛ the left coideal subalgebra introduced in Remark 2.13. Noting that A ⊂ AΛ and using the second bullet point of Theorem 2.14 we conclude that dim A < ∞. • we have VΛ = AΛ.
In particular if H is weakly finite then every non-zero Λ ∈ L
A µ is non-degenerate. Proof. Note that VΛ ⊂ A ⊂ AΛ and since VΛ is a left ideal in AΛ (c.f. Theorem 2.14), all bullet points are equivalent with the condition 1 H ∈ VΛ. The last claim of the proposition follows from Corollary 2.15.
In the next proposition we describe the relations between biannihilator condition from Definition 2.1, non-degeneracy condition and one-dimensionality of L A µ . Proposition 3.12. Let A ⊂ H be a left coideal subalgebra satisfying the biannihilator condition. Then
is non-degenerate. In particular if A is Frobenius thenΛ is non-degenerate.
Proof. In order to prove the first bullet point of the proposition we first use non-degeneracy ofΛ to conclude that givenΛ ′ ∈ R A µ , there exists ω ∈ H ′ such thatΛ ′ = (ω ⊗ id)(∆(Λ)). In particular we haveΛ ′Λ =Λ ′ µ(Λ) = ω(Λ)Λ (3.1) where Λ = π µ (Λ), see Remark 3.10. Dividing (3.1) by µ(Λ) we conlcude thatΛ ′ is a multiple of Λ, and hence dim R A µ ≤ 1. Using Lemma 3.2 we get R A µ = Λ . In particular Λ is a two sided ideal and we have ker µ = l( Λ ) = r( Λ ). The biannihilator condition together with Lemma 3.2 imply that L A µ = Λ . In order to prove the claim entering the second bullet point of the proposition let us note that since Λ is a two sided ideal, there exists a non-zero multiplicative functional ν ∈ A ′ such thatΛ ∈ R A ν . Thus for every a ∈ A we have (1⊗Λ)∆(a) = π ν (a)⊗Λ. Equivalently ∆(Λ)(S −1 (π ν (a))⊗1) = ∆(Λ)(1 ⊗ a) (c.f. Remark 2.13) and we conclude that VΛ is right ideal in A. Using Theorem 2.14 we see that VΛ is a two sided faithful ideal in A thus l(VΛ) = {a ∈ A : av = 0 for all v ∈ V Λ } = {0}.
On the other hand, if VΛ A and incidentally A satisfies the biannihilator condition then l(VΛ) = {0} -contradiction. Hence VΛ = A, which is one of the equivalent form of non-degeneracy ofΛ, c.f. Proposition 3.11.
Note that if A is Frobienius then it is QF and thus it satisfies the bianihilator condition (see Definition 2.1 and the following paragraph). We conclude the second part of the second bullet point using the first part and Theorem 3.5.
The next result should be compared with Proposition 3.12. If P ∈ H is a projection satisfying ∆(P )(1 ⊗ P ) = P ⊗ P such that V P is a unital algebra satisfying the biannihilator condition then P is a right group-like projection.
Proposition 3.13. Let A ⊂ H be a finite dimensional left coideal subalgebra and letΛ
If P ∈ H is a non-zero projection satisfying ∆(P )(1 ⊗ P ) = P ⊗ P and such that A P is Frobenius, then P is a right group-like projection.
The latter holds if H is weakly finite.
Given a pair of elements Λ 1 , Λ 2 ∈ H of integral type we say that they are equivalent if there exists t ∈ such that Λ 1 = tΛ 2 . The equivalence class containing Λ will be denoted by [Λ] .
The results of this section together with [7] yield the following theorem. 
Generalized cointegrals on left coideal subalgebras with integral
Let us recall that a non-zero element g of a coalgebra C is said to be a group-like element if ∆(g) = g ⊗ g.
Definition 4.1. Let V ⊂ C be a left coideal in a coalgebra C and g ∈ C a non-zero group-like element. We say that a functional φ ∈ V ′ is a g-cointegral on V if (id ⊗ φ)(∆(a)) = φ(a)g for all a ∈ V. The subspace of g-cointegrals on V will be denoted by L g V . Given an element Λ in a coalgebra C we can assign it with the smallest left (right) coideal containing Λ denoted V Λ ( Λ V respectively) and we have dim V Λ = dim Λ V, c.f. Remark 2.10 and the paragraph before. In the next proposition we shall use the bijection U : 
Using Proposition 4.2, and Proposition 2.17 we get the next result. If AΛ admits a faithful g-cointegral thenΛ is non-degenerate due to the second bullet point of Proposition 3.12.
For the sake of simplicity of presentation the next results will be formulated for the elements of integral types. Their generalizations to elements of Λ-integral types can easily be written on the basis of Remark 2.13: one must replace Λ withΛ and S with S • π where π is the homomorphism entering Remark 2.13. •
and using Theorem 4.3 we get V Λ = A Λ . In particular V Λ is a unital algebra admitting a faithful g-cointegral. Conversely, if A Λ admits a faithful gcointegral then using Theorem 4.3 we get A Λ = V Λ . In particular g is a cyclic element of Λ V, i.e.
In order to prove the first and the second bullet point note that under our assumptions A Λ is a Frobenius algebra. In particular Λ is a two sided ideal in A Λ and we have
for someΛ ∈ Λ V. Using (2.9) with x = Λ and remembering that π = id we get
3) we conclude using Proposition 4.2 that φ(Λ) = 0 and we get S(Λ)g =Λ.
Remark 4.5. If Λ ∈ H is an element of integral type such that S(Λ) = Λ then it is easy to check that Λ V = S(V Λ ). Thus if Λ is non-degenerate then V Λ admits faithful 1-cointegral. In particular using Theorem 4.4 we conclude that V Λ is unimodular. In the next result we further link the unimodularity property for coideals with the existence of non-trivial 1-cointegrals on them. In order to get the third bullet point let us assume that A is a semisimple left coideal subalgebra of H preserved by S 2 . There exists a unique two sided group-like projection Λ ∈ H such that A = A Λ = V Λ (see [1, Theorem 3 .27] and [1, Theorem 3.26] ). The equality S(Λ) = Λ implies then that S(V Λ ) = Λ V and we conclude that dim L 1 AΛ = 1 using Theorem 4.3. Every right group-like projection in an algebraic quantum group is automatically two sided, see [2, Proposition 1.6] . In what follows we prove the counterpart of this result for cosemisimple weakly finite Hopf algebras. Proof. Let us recall that every integral type element in a weakly finite Hopf algebra is nondegenerate and every coideal subalgebra A ⊂ H is of the form A = V Λ , c.f. Theorem 3.16.
If S(Λ) = Λ then since Λ is non-degenerate we can conclude that (1 ⊗ Λ)∆(Λ) = Λ ⊗ Λ using Remark 4.5. Conversely if (1 ⊗ Λ)∆(Λ) = Λ ⊗ Λ then V Λ is unimodular and it admits a faithful 1-cointegral (the restriction of the unital 1-cointegral on H). Using Theorem 4.6 we see that S(Λ) = Λ.
If A is a unimodular finite dimensional left coideal subalgebra of H then using the previous paragraph we get Λ ∈ H such that A = V Λ and S(Λ) = Λ. In particular S 2 (A) = A. Finally if Λ 2 = Λ then using Corollary 3.15 we see that (1⊗Λ)∆(Λ) = Λ⊗Λ and hence S(Λ) = Λ (by the first part of the theorem being proven), i.e. Λ is a two-sided group-like projection.
Remark 4.8. Let H be finite dimensional cosemisimple Hopf algebra. It still unknown if S 2 = id but our previous result shows at least that unimodular left coideal subalgebras of H must be preserved by S 2 in this case. Unfortunately we were not able to drop unimodularity assumption in this result.
Let us note that the method of the proof of Theorem 4.7 enables us also to prove that every nondegenerate integral type projection Λ in a cosemisimple Hopf algebra H is a two sided projection. Indeed, since the restriction of (unital) 1-cointegral from H to (unital) algebra V Λ is non-zero, V Λ itself admits a non-zero 1-cointegral φ ∈ L Theorem 4.9. Let P ∈ H be a right group-like projection and assume that V P is a Frobenius algebra with a cyclic (hence separating) element y ∈ P V. Consider the map ι y : P V → V P given by ι y (S(a)y) = a and define z y = P (2) ι y (P (1) ) ∈ V Λ . If z y is an invertible element of V P then every right V P -module is completely reducible. In particular V P is semisimple.
Proof. Note that if a ∈ V P and x = S(a)y then ι y (S(b)x) = ι y (S(b)S(a)y) = ab = ι y (x)b for all b ∈ V P . In particular, using the identity (1 ⊗ b)∆(P ) = (S(b) ⊗ 1)∆(P ), we get
for all b ∈ V P and hence z y is a central (invertible) element in V P .
Suppose that M is a right V P -module and N ⊂ M is a submodule and let q : M → M be a linear projection onto N . Let us define Q 0 : M → M by the formula
and thus Q 0 is a V P -module map. Moreover if x ∈ N then Q 0 (x) = xP (2) ι y (P (1) ) = xz y . Hence if we put Q(x) = Q 0 (x)z −1 y then Q : M → M is still a V P -module map (note that we use here the centrality of z −1 y ) which is a projection onto N . Taking N ′ = ker Q we get decomposition M = N ⊕ N ′ and we are done.
Remark 4.10. Assuming that y ∈ P V entering the assumptions of Theorem 4.9 is an invertible element of H we have z = Ad P (S(y −1 )) where we define Ad P (a) = P (2) aS −1 (P (1) ) for all a ∈ H. In particular if V P admits a g-cointegral then we can take y = g (c.f. Theorem 4.3) and in this case z g = Ad P (g). Unfortunately we were not able to prove that z g is necessarily invertible.
In Section 5 we compute those elements for semisimple left coideal subalgebras of Taft algebras showing that they are invertible in this case.
Let us finish this section with a recapitulation of the results of this paper for finite dimensional Hopf algebras. 
Integrals and cointegrals for left coideal subalgebras of Taft Hopf algebras
Following [11] , we have Definition 5.1. Let n be a positive integer and ω ∈ C a primitive n th root of unity. The Taft Hopf algebra H n 2 is the algebra C[x]/(x n ) ⋊ C[G], where G = Z/nZ is generated by g and its action on the truncated polynomial ring C[x]/(x n ) is by
The coalgebra structure is given by
In what follows we give the formulas for ε-integrals assigned to left coideal subalgebras of Taft Hopf algebra H n 2 . See [1, Section 4] for the description of all left coideals subalgebras of H n 2 and right group-like projections assigned to simple coideals. For more detailed exposition of what follows see [10] .
Let us first discuss semisimple coideals assigned to right group-like projections which are not two sided. For every β ∈ C × the element P β ∈ H n 2 defined by P β = where k ∈ {0, 1, . . . , n − 1}. Note that in the discussed case, the element z g −1 ∈ V P β entering the proof of Theorem 4.9 is equal (g + βx) n−1 = (g + βx) −1 which is evidently an invertible element (c.f. the assumptions of Theorem 4.9).
Next we shall discuss semisimple coideals assigned to two sided group-like projections. For every divisor d of n we have a Hopf subalgebra H d ⊂ H n 2 generated by g d , see [1, Proposition 
